Abstract. Recently, Ash, Pollack and Soares described Galois representations with image isomorphic to GL 3 (F 2 ), and computationally demonstrated a connection to arithmetic cohomology classes with predictable coefficient modules. In some cases, they did not distinguish between contragredient representations for which the predicted coefficient modules are different. In this paper, we distinguish between these representations, providing additional evidence for a conjecture relating Galois representations to cohomology.
Introduction
In [3] , Avner Ash and Warren Sinnott describe a conjecture relating certain ndimensional niveau one Galois representations to Hecke eigenclasses in certain arithmetic cohomology groups. Their conjecture also includes a method of determining the weight, level and nebentype of the arithmetic cohomology groups attached to a given representation. In [1] this conjecture is extended to apply to Galois representations of arbitrary niveaux. In [2] and [7] , the conjecture is refined slightly, to make more precise the prediction of which coefficient modules yield an appropriate Hecke eigenclass. All four papers give examples of Galois representations for which computational evidence for the conjecture is obtained.
In [2] , Ash, David Pollack, and Dayna Soares refine the conjecture of [1] in characteristic two, give examples of Galois representations in characteristic two, and computationally test the refined conjecture for these representations. In characteristic two, the predictions of [3] and [1] for the weight claim only that there exist weights that should yield eigenclasses corresponding to certain Galois representations, but do not specify these weights. For niveau one representations, both [2] and [7] specify which weights should work. The niveau one examples in [2] all support the refined conjecture of [7] ; however, for some of the examples, the authors of [2] do not distinguish between a representation and its contragredient, so that the refined conjecture of [7] is only checked up to duality. In other words, in a set of weights which are predicted by [7] for one of ρ and its contragredient, the appropriate eigenvalues are found to correspond to one of ρ and its contragredient. The purpose of this paper is to distinguish between these representations and their contragredients, thus giving evidence for the refined conjecture of [7] , based on certain examples of [2] . This evidence is important because these representations are the first known examples of wildly ramified representations for which the refined conjecture involves a mixture of two different types (très ramifiée and peu ramifiée) of wild ramification. 
The conjecture
In characteristic two and niveau one, the conjecture relating Galois representations and arithmetic cohomology is particularly simple; we briefly review the necessary notation here, and refer to [1] for a more detailed version of the full conjecture. We note that many of the definitions used here are specific to the case of characteristic two representations; for full descriptions in arbitrary characteristic, see [1] .
2.1. Level. Let ρ : G Q → GL 3 (F 2 ) be a Galois representation. For each rational prime , fix an embedding G Q → G Q arising from an embedding ofQ intoQ . The images of the lower numbering ramification groups in G Q then yield a filtration of ramification groups
This sum is easily seen to be finite, since ρ(G ,i ) is trivial for large enough i. Definition 2.1. The level of ρ is
Note that n = 0 for unramified primes, so that the product defining N (ρ) has only finitely many nontrivial factors.
2.2.
Weight. The weights associated to a Galois representation ρ as above will be a certain set of irreducible F 2 [GL 3 (F 2 )]-modules. There are exactly four of these modules, which we will denote by F (0, 0, 0), F (1, 0, 0), F (1, 1, 0), and F (2, 1, 0). (The notation reflects the parametrization of irreducible F 2 [GL 3 (F 2 )]-modules by 2-restricted 3-tuples described in [6] .) 2.3. Attached eigenvectors. Let Γ 0 (N ) be the subgroup of matrices in SL 3 (Z) whose first row is congruent to ( * , 0, 0) modulo N . Define S N to be the subsemigroup of integral matrices in GL 3 (Q) satisfying the same congruence condition and having positive determinant relatively prime to N . Denote by H(N ) theF 2 -algebra of double cosets Γ 0 (N )\S N /Γ 0 (N ). Then H(N ) is a commutative algebra that acts on the cohomology of Γ 0 (N ) with coefficients in anyF 2 [S N ]-module. For 0 ≤ k ≤ 3 and a prime not dividing N , let D( , k) be the diagonal matrix with 1 on the diagonal 3 − k times, followed by on the diagonal k times, and write T ( , k) for the double coset Γ 0 (N )D( , k)Γ 0 (N ). Definition 2.2. Let V be an H(2N )-module and suppose that v ∈ V is a simultaneous eigenvector for all T ( , k) with 2N and 0 ≤ k ≤ n. Denote the eigenvalue of T ( , k) by a( , k) ∈F 2 , so that T ( , k)v = a( , k)v. Let ρ : G Q → GL 3 (F 2 ) be a representation unramified outside 2N and assume that
for all not dividing 2N . Then we say that ρ is attached to v or that v corresponds to ρ.
Remark 2.3. In our examples, we will take the module V to be a cohomology group H 3 (Γ 0 (N ), W ), with W an irreducible GL 3 (F 2 )-module. Our experimental confirmation that a Galois representation is attached to an eigenvector will consist of computing all the a( , k) for < 50, and checking that they match the eigenvalues expected of ρ. We make the following definition: Definition 2.4. Let ρ be a three-dimensional irreducible Galois representation in characteristic 2 with level N . We will say that a coefficient module W yields eigenvalues attached to ρ if there is an element
such that ρ is attached to v as in Definition 2.2 2.4. Predictions. A Galois representation overF p is niveau one if its restriction to inertia at p is upper triangularizable with powers of the cyclotomic character on the diagonal. Since the mod 2 cyclotomic character is trivial, a Galois representation ρ : G Q → GL 3 (F 2 ) will be niveau one exactly when the inertia group at 2 is a 2-group. In this case, we will be able to conjugate ρ so that
has its image in the upper triangular matrices. We will assume that ρ is conjugated in this way, and define maps ψ 1 , ψ 2 :
and note that each ρ i is a homomorphism. Each ρ i can be either unramified, très ramifiée, or peu ramifiée, according to the definitions of Jean-Pierre Serre [9] . We then make the following conjecture (which is just the main conjecture of [7] , in characteristic two):
be an irreducible niveau one Galois representation, with level N (ρ). Define ρ 1 and ρ 2 as above. Then we make the following predictions:
(1) if neither ρ 1 nor ρ 2 is très ramifiée, then we predict that all four weights will yield eigenvalues attached to ρ. (2) if only ρ 1 is très ramifiée, then we predict that F (1, 0, 0) and F (2, 1, 0) will yield eigenvalues attached to ρ. (3) if only ρ 2 is très ramifiée, then we predict that F (1, 1, 0) and F (2, 1, 0) will yield eigenvalues attached to ρ, (4) if both ρ 1 and ρ 2 are très ramifiée, then we predict that F (2, 1, 0) will yield eigenvalues attached to ρ. Finally, we predict that any weight not predicted by the above for some conjugate of ρ will not yield eigenvalues attached to ρ.
Note that if there are several ways to conjugate ρ so that inertia has image in the upper triangular matrices, we may need to combine several of the cases described in the theorem. This situation does not occur in any of the examples found in [2] .
Note also that in certain cases, the predictions of [2] will differ slightly from those given above (for instance, the case where the image of inertia has order two, and the corresponding quadratic extension is très ramifiée). Unfortunately, we have no computational examples of representations for which the predicted weights differ.
Examples of cases (1) and (4) appear in [2] , and will not be discussed further here. In [2] , cases (2) and (3) are not distinguished. Instead, it is noted that if ρ falls into case (2), then the contragredient ρ * of ρ (given by composing ρ with the outer automorphism of GL 3 (F 2 ) taking a matrix to its transpose-inverse) falls into case (3) . Hence, in their examples, the authors of [2] look for eigenvalues of either ρ or ρ * , making no distinction between the two. The main goal of this paper is to distinguish between these two representations and demonstrate that the weights predicted by Conjecture 2.5 for ρ and ρ * yield eigenvalues (for < 50) corresponding to ρ and ρ * , respectively. Note that all four predictions for the weight in Conjecture 2.5 are specializations of a specific formulation for the weight in arbitrary characteristic [7] .
GL 3 (F 2 ) as a permutation group
We begin by recording several facts about GL 3 (F 2 ) without proof. These facts are all either well known, or can be verified quickly by using the MAGMA [4] computer algebra system. and note that H is isomorphic to S 4 . Then the cosets of H in GL 3 (F 2 ) are s k H with 1 ≤ k ≤ 7. Identifying each coset with the exponent of s occurring in this representation, it is clear that s acts on the cosets as the seven cycle σ = (1 2 3 4 5 6 7). One checks easily that t acts on the cosets as the permutation τ = (1 2)(3 6). This gives a surjective homomorphism φ : GL 3 (F 2 ) → G, where G is the subgroup of S 7 generated by σ and τ , and since GL 3 (F 2 ) is simple, this homomorphism must be an isomorphism. Finally, we remark that H stabilizes the coset s 7 H = H, and is, in fact, the full stabilizer of s 7 H in GL 3 (F 2 ). We will be interested in three important subgroups of H, namely
Level Defining Polynomials
Note that D is a dihedral group with 8 elements, each V i is a Klein four group, and that V 1 H.
Number Fields of interest
We are interested in the Galois representations in [2] for which the predicted weights were not fully determined. These Galois representations corresponded to GL 3 (F 2 )-extensions K of Q in which 2 has inertia group D 8 (the dihedral group of order 8). Each of these number fields K is defined as the Galois closure of a degree seven polynomial having Galois group GL 3 (F 2 ). In fact, by Proposition 3.1(3) and 3.1(4), such a number field has two distinct isomorphism classes of subfields of degree seven. These subfields give rise to the "twin" polynomials described in [2] . We will use defining polynomials for each of the two classes of subfields-in cases where [2] did not give the "twin" polynomial, we have calculated it using a resolvent computation. Hence, for each case (2) GL 3 (F 2 )-extension K/Q given in [2] we have two polynomials, f 1 and f 2 , with nonisomorphic root fields, both of which have splitting field K over Q. These polynomials are given in Table 1 . Each such number field K corresponds to a pair of surjective Galois representations ρ and ρ * from G Q to GL 3 (F 2 ) having the same level; we have labeled each pair of polynomials by the level of the related Galois representations. Note that the choice of which polynomial is f 1 is arbitrary; we could have switched the roles of f 1 and f 2 . This choice does, however, affect our choice of ρ in the next section: swapping f 1 and f 2 would have the effect of swapping ρ and its contragredient.
Explicit Galois representations
For each of the polynomials f 1 listed in Table 1 , we have used MAGMA [4] Table 2 . Details of the computations, including an ordering of the roots of f 1 , the predicted weight of ρ, and the trace of ρ(Frob ) for the smallest prime having inertial degree 7.
example, MAGMA returned the result that the Galois group was the subgroup of S 7 generated by the permutations σ = (1 2 3 4 5 6 7) and τ = (1 2)(3 6).
Of course this representation depends on the ordering of the roots. In Table 2 we give the ordering of the roots of f 1 used by MAGMA, and denote the roots by r 1 , . . . , r 7 in the given order. We are now able to explicitly construct the Galois representations that we will study. We have a canonical projection π : G Q → Gal(f 1 ), and we have identified Gal(f 1 ) with the subgroup G ⊂ S 7 generated by σ and τ . We also have an isomorphism φ −1 : G → GL 3 (F 2 ). We define
We remark that by defining
, and M i = K φ(Vi) . We see easily that M 1 is the Galois closure of L over F 1 , and that Gal(M 1 /F 1 ) ∼ = S 3 .
6. Ramification at 2 in GL 3 (F 2 )-extensions For the extensions K/Q defined by polynomials in Table 1 , Ash, Pollack and Soares [2] have shown that the decomposition and inertia groups at primes above 2 are isomorphic to D. Since GL 3 (F 2 ) contains only one conjugacy class of groups of order 8, we may choose a prime P of K lying above 2 with decomposition and inertia groups equal to φ(D). Then L = K φ(D) is the inertia field of P|2, and we will define p = P ∩ L. Note that p is a prime of L lying over 2, with inertial degree and ramification index 1. Hence, we may identify the completions Q 2 and L p . In particular, we note that these completions have the same inertia group, which we can identify with G 2,0 in G Q .
Recall the definition of ρ 1 and ρ 2 from Section 2.4. Examining ρ 1 : G 2,0 → GL 2 (F 2 ), we see that it is a composition of ρ :
Hence, we may study the ramification of ρ 1 by studying the ramification of p 1 |p. Similarly, letting p 2 = P ∩ M 2 , we may study the ramification of ρ 2 by studying the ramification of p 2 |p. In order to study this ramification, we factor the polynomial f 2 over the field F 1 . Lemma 6.1. Let f 1 and f 2 be defining polynomials for nonconjugate degree seven subfields F 1 and F 2 of K/Q, where Gal(K/Q) ∼ = GL 3 (F 2 ). Then, when considered as a polynomial in F 1 [x], f 2 factors into an irreducible cubic factor and an irreducible quartic factor.
Proof. Note that the splitting field of f 2 over F 1 is the degree 24 extension K/F 1 and Gal(K/F 1 ) ∼ = S 4 . Hence, any irreducible factors of f 2 over F 1 have degree dividing 24. There can be no irreducible factors of degree 1, since F 2 and F 1 are nonconjugate fields, hence there can be no irreducible factors of degree 6. Therefore, the only possible degrees of irreducible factors are 2, 3, and 4. Since all the quadratic and cubic extensions of F 1 inside K are contained in a common S 3 extension of F 1 , it cannot be the case that all of the degrees are less than 4. Hence, f 2 must factor as an irreducible cubic times an irreducible quartic polynomial.
We will denote the cubic factor of f 2 over F 1 by f 3 , and the quartic factor by f 4 . Note that the splitting fields of f 3 and f 4 over F 1 are M 1 and K, respectively.
Let q = P ∩ F 1 , and note that M 1 /F 1 is an S 3 extension, with three primes lying over q, each having ramification index 2 and inertial degree 1. We see that in L, the prime q factors as ps 2 It is clear that the ramification of s|q is of the same type as that of p 1 |p. In addition, the polynomial f 3 factors in (F 1 ) q into a linear and a quadratic factor, corresponding to p and s, respectively. We may compute the ramification of s|q by studying the quadratic factor: if the q-adic valuation of its discriminant is odd, then s|q is très ramifiée, otherwise s|q is peu ramifiée [7] .
Note that f 4 is q-adically irreducible, since a degree 4 extension of F 1 inside K must be totally ramified. Identifying (F 1 ) q with Q 2 , we see that the q-adic quadratic factor of f 3 is in fact the unique 2-adic quadratic factor of f 2 . Hence, we may determine the ramification type of ρ 1 by determining the discriminant of the unique 2-adic quadratic factor of f 2 . Ash, Pollack, and Soares have already shown that for the extensions K/Q defined by polynomials in Table 1 , the representations ρ 1 and ρ 2 have opposite ramification types. We have then proven the following theorem: Theorem 6.2. Given f 1 and f 2 as in Table 1 , let ρ be the Galois representation defined in section 5.
(1) If the 2-adic valuation of the discriminant of the quadratic 2-adic factor of f 2 is odd, then ρ satisfies case (2) of Conjecture 2.5, and the predicted weights for ρ are F (1, 0, 0) and F (2, 1, 0). (2) If the 2-adic valuation of the discriminant of the quadratic 2-adic factor of f 2 is even, then ρ satisfies case (3) of Conjecture 2.5, and the predicted weights for ρ are F (1, 1, 0) and F (2, 1, 0). For each of the examples in which we are interested, we have 2-adically factored f 2 (using GP/PARI [10] ), and determined which of F (1, 0, 0) and F (1, 1, 0) is predicted for ρ. This determination is indicated in Table 2 .
Computing Frobenius Elements
A simple exercise using the rational canonical form shows that GL 3 (F 2 ) has two distinct conjugacy classes of elements of order 7; one consists of elements of trace 1 and the other consists of elements of trace 0. For a rational prime with Frobenius of order seven in K, it will be necessary for us to determine which conjugacy class contains the Frobenius. We do this using a technique of Serre, mentioned by Joe Buhler [5, pg. 53 ] and described in detail by David Roberts [8] . Proposition 7.1. Let f 1 ∈ Z[x] be a monic degree 7 polynomial with Galois group GL 3 (F 2 ), let r 1 , r 2 , . . . , r 7 be the set of roots of f 1 , considered in a specific order, and let σ ∈ S 7 be a permutation of the roots arising from an element of Gal(f 1 ). Suppose that σ has order 7. Let > 2 be a rational prime such that the Frobenius of has order 7 in Gal(f 1 ) and disc(f 1 ). Define
Then, since the Galois group is a subgroup of A 7 , D is an integer with D 2 = disc(f ). LetD ∈ F be the reduction of D modulo .
We note that f 1 is irreducible mod , and set Proof. If σ is a Frobenius at then for some prime P of K lying over ,
for all α ∈ K. Hence the reduction modulo P of D is equal to d, and we see
, so that D(σ) and D(σ 3 ) are not congruent modulo . In particular, if σ is not a Frobenius at , so that σ 3 is a Frobenius at , thenD = −d = d.
For each of our examples, we have determined the primes which have Frobenius of order 7 in K, checked that they do not divide disc(f 1 ), and determined whether σ = (1 2 3 4 5 6 7) is a Frobenius at , using the ordering of the roots of f given in Table 2 . If σ is a Frobenius, then the trace of the image of the Frobenius under ρ is 1, otherwise the trace is 0. Note that the trace of the image of the Frobenius under ρ * takes exactly the opposite values. For each extension, the smallest values of and the trace of the image of the Frobenius under ρ at this are given in Table 2 .
Note that GL 2 (F 3 ) has only one conjugacy class of elements of a given order different than 7. For such conjugacy classes, the traces of ρ and ρ * are equal. Hence, for primes with Frobenius of order different from 7, the trace of the image of the Frobenius is easy to compute, and is the same for both ρ and ρ * .
Cohomology computations
For each of the levels N in Table 1 and each of the four possible weights W , we have duplicated the computations of [2] in computing the arithmetic cohomology. We note that the programs that we use, which were developed for [1] , compute H 3 (Γ 0 (N ), W ) by computing the space H 3 (Γ 0 (N ), W ) to which it is naturally dual. Also, in characteristic two the techniques we use actually compute the Γ 0 (N )-invariants of H 3 (∆, W ) for ∆ ⊂ Γ 0 (N ) a subgroup of finite index in Γ 0 (N ). For each weight we also computed the action of the Hecke operators for prime 2 < < 50. For each level, we found an eigenclass with the correct eigenvalues (for < 50) to correspond to ρ exactly when W was one of the two weights predicted for ρ by Conjecture 2.5. In addition, we found an eigenclass with the correct eigenvalues (for < 50) to correspond to ρ * exactly when W was one of the two weights predicted for ρ * by Conjecture 2.5. For example, when N = 181, the predicted weights for ρ are F (1, 0, 0) and F (2, 1, 0) and the predicted weights for ρ * are F (1, 1, 0) and F (2, 1, 0). Computations in the predicted weights for ρ yield eigenvalues (for < 50) corresponding to ρ (in particular, for = 3, a( , 1) = 0). Computations in the two weights F (0, 0, 0) and F (1, 0, 0), on the other hand, do not yield eigenvalues corresponding to ρ. Similarly, we note that computations in weights F (1, 1, 0) and F (2, 1, 0) yield eigenvalues (for < 50) corresponding to ρ * , while computations in weights F (0, 0, 0) and F (1, 0, 0) do not. Note that although computing eigenvalues for only small would suffice to distinguish between ρ and ρ * , we have duplicated the work of [2] in computing all eigenvalues for < 50. Similar computations were done for all the levels in Table 2 .
In all cases, our computational data fully supports the refined conjecture of [7] . This is the first such evidence involving Galois representations ρ for which ρ 1 and ρ 2 have different ramification types.
